A family of generalized Jinc functions is defined and analyzed. The zero-order one is just the traditional Jinc function. In terms of these functions, series-form expressions are presented for the Fresnel diffraction of a circular aperture illuminated by converging spherical waves or plane waves. The leading term is nothing but the Airy formula for the Fraunhofer diffraction of circular apertures, and those high-order terms are directly related to those high-order Jinc functions. The truncation error of the retained terms is also analytically investigated. We show that, for the illumination of a converging spherical wave, the first 19 terms are sufficient for describing the three-dimensional field distribution in the whole focal region.
INTRODUCTION
The diffraction problem of circular apertures illuminated by converging spherical waves or plane waves is an important topic 1, 2 in optical science, because this kind of wave phenomenon is frequently encountered in various optical systems. It is well-known that the Fraunhofer diffraction of circular apertures has a Jinc-function distribution 3, 4 (i.e., the Airy pattern distribution) with the radial coordinate. However, this kind of simple field distribution appears only at the geometrical focal plane for the case of converging spherical-wave illumination. And for the case of plane-wave illumination, it is also valid only for those transverse planes that are far from the aperture plane. In all the other regions, especially in the focal region of a converging spherical wave, the diffracted field has a rather complicated structure. To investigate this kind of complicated diffraction problem, people have developed various numerical and analytical methods. At present, it is possible to use numerical methods to implement an accurate simulation, but one cannot obtain as much physical insight as with analytical methods. Among the analytical methods, the classical Debye theory 1 employs the Lommel functions to describe the three-dimensional field distribution in the focal region for high-Fresnel-number focusing systems. However, it is not applicable to low-Fresnel-number focusing systems. By use of an appropriate variable transform, Li and Wolf 5 and Li 6 extended the Lommel-function description to general paraxial focusing systems with arbitrary Fresnel numbers. The case of plane-wave illumination was also investigated in Ref. 6 as a separate treatment.
Recently, Wang et al. 7 attempted to derive a simple closed-form expression for the Fresnel diffraction of circular apertures illuminated by spherical waves or plane waves. Unfortunately, their result was demonstrated to be incorrect. 8, 9 As an alternative, Overfelt and White 9 developed the exponential polynomial description for the same problem. Obviously, their treatment can be applied to focusing and diffraction of circular apertures illuminated by converging spherical waves or plane waves. Compared with the Lommel-function description, this new description eliminated the need to split the computational problem into two different regions. In another context, Wang et al. 10 developed a novel analytical tool named moment expansion to investigate the depth of focus. Their analysis is mainly based on the Fourier transform pairs of the partial derivatives in real space and the corresponding moments in the spatialfrequency domain. In principle, their expression [see Eq. (7) of Ref. 10] can be used to analytically describe an arbitrary paraxial focusing system, provided that the farfield distribution at the focal plane is known and has all the high-order partial derivatives. As a special case, the diffraction problem in the focal region of circular apertures illuminated by converging spherical waves can also be treated by this method. Compared with the Lommelfunction and exponential polynomial descriptions, the moment expansion method has a more explicit connection with the far field. This property can be easily found from Eq. (7) of Ref. 10 , where the leading term is just the far field. However, their work is not appropriate for a planewave illumination, because, in this case, there is no geometrical focal plane within a finite region at all. This drawback comes from the inconsistency between the asymptotic far-field behavior, which is proportional to z Ϫ1 for large z in this case, and the moment expansion method, which actually uses the variable z Ϫ f (because the coordinate origin used in Ref. 10 is located at the focal point), where z is the longitudinal distance from the aperture plane and f is the curvature radius of the converging spherical waves. For the illumination of a plane wave, the variable z Ϫ f is not appropriate because f ϭ ϱ in this case. Considering the continuous change of the physical behaviors with the change of the curvature f Ϫ1 of the incident spherical waves, one can deduce that it is also inconvenient to use the moment expansion method 10 to describe the focusing systems with long focal length (i.e., f Ϫ1 is small). In this paper, we shall modify the moment expansion method for focusing and diffraction of circular apertures illuminated by converging spherical waves or plane waves. This modified treatment employs the suitable variables z Ϫ1 and z Ϫ1 Ϫ f Ϫ1 (in the concrete employment, we shall use the corresponding Fresnel number) to replace z Ϫ f. We shall also define and analyze a family of generalized Jinc functions. In terms of them, our treatment can lead to an elegant series-form expression, which is valid for arbitrary spherical-wave (including planewave) illumination. The paper is organized as follows. In Section 2, we define the family of generalized Jinc functions and outline their main properties. In Section 3, the series-form expression for the diffraction problem of circular apertures is presented in terms of this family of functions, and we analyze the truncation error of the retained terms and check the validity. And, in Section 4, we conclude this paper and discuss some related problems. As we shall show below, compared with other analytical methods, our treatment has the following four advantages: (1) It has a more explicit connection with the far field and therefore provides an explicit insight showing how the defocused field distributions gradually deviate from the far-field distribution. (2) The case of planewave illumination is automatically included as a special case. Therefore a separate treatment 6 for the case of plane-wave illumination is no longer needed. (3) Our treatment allows a simple analytical estimate for the truncation error of the retained terms. (4) The generalized Jinc functions used in our treatment are one-variable functions, which are simpler than the two-variable Lommel function 1, 5, 6 and the two-variable exponential polynomials. 9 Because of these advantages, this approach is more suitable for describing the focusing and diffraction problem of circular apertures.
GENERALIZED JINC FUNCTIONS
It is well-known that the Fraunhofer diffraction of circular apertures has the simple Jinc-function distribution 3, 4 (i.e., the Airy pattern distribution). The Jinc function is given by
where J 1 (v) is the first-order Bessel function of the first kind and u is the variable. From the properties of Bessel functions, 11 one knows that the Jinc function can also be written as the integral form
where J 0 (u) is the zero-order Bessel function of the first kind and v is the integral variable. In fact, in the derivation 1 of the Jinc-function distribution of the Fraunhofer diffraction of circular apertures, the form of Eq. (2) is encountered before that of Eq. (1).
We now define a family of generalized Jinc functions as the following forms:
where the order n is a nonnegative integer, namely, n ϭ 0, 1, 2,... . From Eq. (3), one can see that the zeroorder one is just the traditional Jinc function. By use of the properties of Bessel functions and the mathematical inductive method, one can prove the following closed-form expression (see Appendix A):
where J mϩ1 (u) is the (m ϩ 1)th-order Bessel function of the first kind and 0! ϭ 1. In particular, the first several functions are given by [besides Jinc 0 (u), given by Eq. (1)]
Let us now investigate some important properties of this family of functions: (1) The nth-order Jinc function has n ϩ 1 subterms, and each subterm has the factor J mϩ1 (u)/u mϩ1 , where the order m ϩ 1 of the Bessel function in the numerator is just the power of u in the denominator. ( 2) The first subterm of each Jinc function is always J 1 (u)/u. This property is more explicitly shown in Eqs. (5)- (7). (3) From the asymptotic behavior
for large u, one can deduce that, for each high-order Jinc function, all the other subterms decrease faster than the first subterm when u becomes large. As a consequence, we obtain the important property that all the Jinc functions approach Jinc 0 (u) for large u, i.e.,
(4) Putting the relation lim u→0 J 0 (v) ϭ 1 into Eq. (3) and integrating, one can easily prove that
when u ϭ 0. (5) Through a great number of observations, it seems that the principal maximum of each Jinc function always appears at the point u ϭ 0. These maximum values, just as shown in Eq. (9), decrease with the increase of the order n. We also observe that, just as partly shown in Fig. 1 , all the Jinc functions have similar curves and these curves gradually change with the change of the order n. In fact, it is this similarity that stimulates us to call them the generalized Jinc functions. (6) We prove that, when the order n approaches ϱ, the normalized Jinc n (u) functions approach J 0 (u); concretely (see Appendix B),
This trend is clearly shown in Fig. 2 , where the normalized Jinc 30 (u) is more similar to J 0 (u) than the normalized Jinc 10 (u).
FOCUSING AND DIFFRACTION OF CIRCULAR APERTURES
Consider a circular aperture of radius a, as shown in Fig.  3 , illuminated by a converging sperical wave with a curvature radius f. We denote by r, R, and z the radial coordinate at the aperture plane, the radial coordinate at the observation plane, and the distance between these two transverse planes, respectively. It is known that, when the paraxial condition is satisfied, one can use the Fresnel approximation to describe the diffracted field (both near field and far field) of a circular aperture. 12 In terms of the above-mentioned coordinate parameters, one can express the Fresnel diffraction formula for rotationally symmetric fields truncated by a circular aperture as
where U(R, z) is the diffracted field at the z ϭ z plane, U 0 (r) is the incident field at the aperture plane, is the wavelength in free space, k ϭ 2/ is the wave number in free space, and j ϭ ͱϪ1 is the imaginary unit. Note that in Eq. (11) we have ignored the factor Ϫ2j exp( jkz)exp͓ jkR 2 /(2z)͔. Substituting the complex amplitude distribution U 0 (r) ϭ exp͓Ϫjkr 2 /(2 f )͔ of the converging spherical wave into Eq. (11) and employing the normalized coordinates 1 ϭ r/a and ϭ R/a, one can obtain
where
, which is the Fresnel number of the aperture illuminated by a converging spherical wave with a curvature radius f. We refer to N 1 as the Fresnel number of the aperture itself, because it corresponds to the case of plane-wave illumination. As we show below, the difference N 2 between N 1 and N plays an important role for describing the defocused field distributions. For clarity, we write N 2 as the form
From Eq. (13), one can see that N 2 ϭ 0 when z ϭ f and that its absolute value increases when the observation plane gradually deviates from the focal plane. As a consequence, it can be expected that the field distribution U(, z) gradually deviates from the far-field Airy pattern distribution with the increase of ͉N 2 ͉. Similarly to the approach taken in the moment expansion method, 10 we now expand the factor exp( jN 2 1 2 ) in Eq. (13) as
Unlike the treatment of Ref. 10, our expansion is not about the variable z Ϫ f but about N 2 , which is proportional to the variable z Ϫ1 Ϫ f Ϫ1 . Substituting this expansion into Eq. (12), one can expand the field distribution U(, z) as the series form of N 2 : As shown in Eq. (16), the leading term is just the far-field Fraunhofer diffraction of a circular aperture, and those high-order terms are directly related to those high-order Jinc functions. These properties provide an explicit physical picture showing how the defocused field distribution at the observation plane gradually deviates from the far-field distribution with the deviation of N 2 from 0. It is interesting that all the even-order terms are pure real and all the odd-order terms are pure imaginary. It is more interesting that the leading term is independent of N 2 in the expressive form. In other words, this term is independent of the curvature radius f (or N Ϫ1 ) in the expressive form. Perhaps one guesses that this is a mistake, because it is well-known that the far-field distribution of a circular lens appears at the geometrical focal plane and this far-field distribution has a scale factor f (or N Ϫ1 ). In fact, this is not a mistake. The reason is that all the high-order terms disappear at the focal plane (i.e., N 2 ϭ 0), and the leading term automatically has the scale factor f (or N Ϫ1 ) at the focal plane because N 1 ϭ N in this case. From Eq. (16), one can find that, as an important advantage of our analytical treatment, the case of plane-wave illumination has been automatically included as the special case of N 2 ϭ N 1 . Obviously, this advantage partly results from the appropriate choice of the variables z Ϫ1 Ϫ f Ϫ1 and z Ϫ1 (the corresponding Fresnel numbers are N 2 and N 1 , respectively). In addition, from Eq. (16), one can see that, just as is known, the diffracted field has an asymmetric distribution about the focal plane. This asymmetric distribution leads to the well-known focal shift phenomenon. [13] [14] [15] [16] It is worth mentioning that the first two terms of Eq. (16) for the special case of plane-wave illumination (i.e., N ϭ 0 and N 2 ϭ N 1 ) have been used for the focusing analysis 17 of a pinhole photon sieve, 18 which is a new class of diffractive optical element for focusing and imaging of soft x rays. In Ref. 17 , the first two terms were called the far-field term and the quasi-far-field correction term. In fact, it is the successful employment of the first two terms for the special case of plane-wave illumination in Ref. 17 that stimulates us to derive Eq. (16) , which consists of infinite terms.
It is well-known that the on-axis field distribution U(0, z) can be presented in a closed form. Putting the relation J 0 (0) ϭ 1 into Eq. (12), one can derive that
By use of the expansion exp(
As a check of our analytical treatment, one can directly derive the same seriesform expression for U(0, z) by inserting the relations Jinc n (0) ϭ 1/͓2(n ϩ 1)͔ into Eq. (16) . From Eq. (17), one can easily obtain the on-axis intensity distribution I(0, z):
where we have written N 1 as the form N 2 ϩ N. As a limit case, the on-axis principal maximum appears at N 2 ϭ 0 for very large N, because in this case the factor sin 2 (N 2 /2)/N 2 2 changes much faster than the factor (N 2 ϩ N) 2 . It is well-known that this result can be correctly predicted by the classical Debye theory. 1 As another limit case, the on-axis principal maximum appears at N 2 ϭ 1 when N ϭ 0 (i.e., plane-wave illumination), because I(0, z) ϭ sin 2 (N 2 /2) in this case. In all other cases, the on-axis principal maximum appears in the interval 0 Ͻ N 2 Ͻ 1. In addition, from Eq. (18), one can deduce that the on-axis intensity decreases from the principal maximum to zero when N 2 ϭ Ϯ2 provided that N у 2. For this reason, we reasonably refer to the region corresponding to Ϫ2 Ͻ N 2 Ͻ 2 as the focal region. When N у 2, this definition has direct meaning. However, when N Ͻ 2, this definition should be modified as ϪN Ͻ N 2 Ͻ 2, because the on-axis intensity I(0, z) already decreases to zero when N 2 ϭ ϪN (note that this corresponds to z → ϱ).
In the practical employment of Eqs. (15) and (16), one needs to truncate the series. Therefore it is desirable to analytically provide the truncation error of the retained terms. It is appropriate to define the normalized square truncated error S M of the retained terms as
where M is the number of retained terms and V M (, z) is the sum of the first M terms, i.e., V M (, z) ϭ ͚ nϭ0 MϪ1 U n (, z). When the series goes into the fast convergent region, those higher terms can be ignored compared with the term U M (, z), which is the first of those discarded terms. Based on this approximation, one can obtain
when the series has gone into the fast convergent region. We now re-express Eq. (12) as the Fourier-Bessel transform form 3, 19 U͑, 
Equation (22) explicitly shows how the truncation error S M decreases with the increase of the number of retained terms for a given ͉N 2 ͉ value (note that S M is an even function of N 2 ). It is interesting that S M is independent of N 1 . This is due to the fact that we expand only the factor exp( jN 2 1 2 ) related to N 2 in Eq. (12) and keep the factor J 0 (2N 1 1 ) related to N 1 in Eq. (12) unchanged. As is pointed out above, this treatment can automatically include the case of plane-wave illumination. We have observed that the approximate field distribution V M (, z) of the first M terms and the exact field distribution calculated by direct numerical integration in Eq. (12) are completely indistinguishable when S M р 1 ϫ 10 Ϫ5 . If one chooses S M ϭ 1 ϫ 10 Ϫ5 as the critical value, then, from Eq. (22), one can calculate the number M 0 of the terms that should be retained, where M 0 corresponds to the case S M 0 р 1 ϫ 10 Ϫ5 for the first time. Exactly speaking, Fig. 4 for the range ͉N 2 ͉ р 2. From Fig. 4 , one can see that fewer than 20 terms are necessary when ͉N 2 ͉ р 2. This actually covers the whole focal region, where the on-axis intensity decreases from the principal maximum to zero. Therefore the first 19 terms are sufficient for describing the three-dimensional field distribution in the whole focal region for the illumination of a converging spherical wave. To understand this statement better, we draw the transverse field distribution U(, z) at the plane corresponding to N 2 ϭ 2 (i.e., the boundary of the focal region) for N ϭ 5. In the concrete computation, N 1 has been expressed as N 2 ϩ N. Therefore, for a given N value, U(, z) depends only on and N 2 in the expressive form. From Fig. 5 , one can see that the field distribution determined by the first 19 terms are completely indistinguishable from that calculated from the exact numerical integration in Eq. (12) . In particular, the zero field value at the point ϭ 0 is accurately described by the first 19 terms of our analytical expression.
CONCLUSIONS AND DISCUSSION
We have defined a family of generalized Jinc functions and analyzed their main properties. In terms of these functions and the appropriate variables N 2 and N 1 , an elegant series-form expression has been presented for focusing and diffraction of a circular aperture illuminated by converging spherical waves or plane waves. The truncation error of the retained terms has also been analytically investigated. In particular, we have shown that the first 19 terms are sufficient for describing the threedimensional field distribution in the whole focal region (we refer to the region corresponding to Ϫ2 Ͻ N 2 Ͻ 2) for the illumination of a converging spherical wave. Compared with the Lommel-function 1, 5, 6 and exponential polynomial 9 descriptions, our method has the following advantages: (1) Our treatment has a more explicit connection with the far field. As shown in Eq. (16), the zero-order term is just the far-field Fraunhofer diffraction of a circular aperture, and those high-order terms are directly related to those high-order Jinc functions. These properties provide an explicit physical insight showing how the defocused field distributions gradually deviate from the far-field distribution. This advantage partly results from using a treatment similar to that in the moment expansion method. 10 (2) The case of plane-wave illumination is automatically included as the special case of N ϭ 0. As a consequence, one does not need to change the coordinate variable for the case of plane-wave illumination any longer. This advantage partly results from the suitable employment of the variables z Ϫ1 Ϫ f Ϫ1 and z Ϫ1 instead of z Ϫ f. (3) As we showed above, our treatment can lead to an analytical expression for the truncation error of the retained terms. This property provides a great convenience in practical employment. (4) The generalized Jinc functions used in our treatment are onevariable functions, but the Lommel function and the exponential polynomials are two-variable functions. In addition, it is worth mentioning that, like the exponential polynomial description, 9 our analytical treatment does not need to split the computation problem into two different regions. The drawback of our treatment is that the series converges slowly when the absolute value of N 2 becomes large. For this case, the asymptotic solution presented by Southwell 20 is suggested. This asymptotic solution and our treatment are complementary with each other. The former is suitable for large ͉N 2 ͉ values, and the latter is suitable for small ͉N 2 ͉ values.
It should be mentioned that, very recently, Janssen 21 and Braat et al. 22 developed the extended NijboerZernike approach for the computation of optical pointspread functions. We note that some similar mathematical problems on those integrals that are related to Bessel functions appeared in their papers, too. By comparing Eq. (3) here with Eq. (13) of Ref. 21 , one can find that the generalized Jinc functions investigated here are related to the functions T n0 with f ϭ 0 and even integers n in Ref. 21 . However, the explicit closed-form expressions are given in different forms. In other words, Eq. (4) here is different from the expression T n0 given by Eq. (14) of Ref. 21 for the case of f ϭ 0 and even integers n. The former is much more compact than the latter, because, for this case, we use relatively simpler mathematics. Of course, the use of more complicated mathematics in Ref. 21 is mainly due to the more general subject. As we showed in Section 2, the expression given by Eq. (4) here is particularly suitable for investigating the important properties of the generalized Jinc functions, such as the asymptotic behaviors for large variable u and the similar curves among this family of functions. One may also note that Eq. (16) Obviously, this check is helpful for both equations because they are both derived from complicated mathematics (in particular, the latter is derived from a more complicated mathematical background). However, it should be emphasized that the contents of the present paper are completely different from those of Refs. 21 and 22 except for the two similar mathematical problems mentioned above.
APPENDIX A
For readability, we first derive the equality
though it can be found elsewhere. By use of the relation 11 vJ 0 (v)dv ϭ d͓vJ 1 (v)͔ and integration by parts, one can obtain
